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Abstract. In this parer, g-deformed oscillator for pseudo-Hermitian systems is investigated 
and pseudo-Hermitian appropriate coherent and squeezed states are studied. Also, some 
basic properties of these states is surveyed. The over-completeness property of the para- 
•/^ ' Grassmannian pscudo-Hcrmitian coherent states (PGPHCSs) examined, and also the stabili- 

ty of coherent and squeezed states discussed. The pseudo-Hermitian supercoherent states as 
the product of a pseudo-Hermitian bosonic coherent state and a para-Grassmannian pseudo- 
, Hermitian coherent state introduced, and the method also developed to define pseudo- 

Hermitian supersqueezed states. It is also argued that, for g-oscillator algebra of fc -I- 1 
(~| . degree of nilpotency based on the changed ladder operators, defined in here, we can obtain 

deformed SUqi{2) and SUq2k{2) and also SUq2k{l, 1). Moreover, the entanglement of multi- 
level para-Grassmannian pseudo-Hermitian coherent state will be considered. This is done by 
choosing an appropriate weight function, and integrating over tensor product of PGPHCSs. 
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■ 1 Introduction 

I \ 

The study of non-Hermitian Hamiltonians with real spectra have attracted a great deal of atten- 
tion in the last decade [U [21 El [U El [B] . Bender and his coauthors [21 E] found examples of non- 
Hermitian Hamiltonians with real spectra. Since these Hamiltonians were invariant under VT 
^ ' transformations, their spectral properties were considered to be related to their "PT-symmetry. 

^ Later, the basic structure responsible for the reality of the spectrum of a non-Hermitian Hamil- 

tonian was explored by Mostafazadeh, and he mentioned that pseudo-Hermiticity is the reason 
for the particular spectral properties of these Hamiltonians, he also investigated its various con- 
sequences and its connection with "PT-symmetric quantum systems and pointed out that all 
the ■PT-symmetric non-Hermitian Hamiltonians studied in the literature belong to the class of 
pseudo-Hermitian Hamiltonians. Consequently, in the framework of non-Hermitian systems, the 
notion of pseudo-Hermitian operator as a non-Hermitian operator with real spectrum has been 
found to have a considerable importance [5l[6]. 

In the same direction, the big number of works on coherent states and their various ap- 
plications, indicates an excited interest of today's researchers in this field O [H [H [lOl [TTl [121 
[T3l [HI [TSl [TBI flTl [TSl I19j . Among all, Grassmannian coherent states and their generalizations 
have been widely investigated in recent years, and various applications of Grassmann variables 
have been studied in theoretical physics and quantum optics [161 [13 ttH [201 [21] . In [22] , the 
authors focused on the g-oscillator algebra and introduced appropriate coherent states based 
on para-Grassmann variables. Recently, some attempts have been made to develop the study 
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of coherent states to pseudo-Hermitian quantum systems, pseudo-Hermitian coherent state for 
bosonic systems, and pseudo-Hermitian coherent state for two- level and n- level systems based 
on Grassmann numbers have been studied \23\ [2^ I25| . In the present paper, qi-deformed os- 
cillator for pseudo-Hermitian systems will be investigated and pseudo-Hermitian appropriate 
coherent states will be considered. The pursued method in defining coherent states here is 
inspired by the definition in [22]. The over-completeness property of these pseudo-Hermitian 
para-Grassmannian pseudo-Hermitian coherent states (PGPHCSs) will be examined, and using 
the definition of the coherent states for pseudo-Hermitian bosonic systems, pseudo-Hermitian 
supercoherent states as the product of a pseudo-Hermitian bosonic coherent state by a pseudo- 
Hermitian para-Grassmannian coherent state will be introduced |26^ 127^ [28 l I18j. The method 
also will be developed to pseudo-Hermitian squeezed states and pseudo-Hermitian supersqueezed 
states. It will also be argued that for gr-oscillator algebra oi k + 1 degree of nilpotency based on 
the changed ladder operators, defined in here we can develop deformed SUq2{2) and SUg2k{2) 
and also SUg2k{l, 1). One of the aims of the present work is to consider entanglement of multi- 
level PGPHCSs [29l[30]. This is the generalization of the work done in [111 [II] to the PGPHCSs. 
Similar to what we have done in those papers, choosing some appropriate weight functions, we 
conclude that it is possible to construct some entangled pure states for pseudo-Hermitian sys- 
tems \W\ 111] . The pseudo-Hermitian version of the Bell, W and GHZ will be constructed. 
Therefore, the PGPHCSs can be applied in quantum information and quantum computation. 

This paper is organized as follows. In Section [2l the concept of a pseudo-Hermitian operator 
is introduced and the basic spectral properties of pseudo-Hermitian Hamiltonians is given. In 
Section [3l the definition and basic properties of the para-Grassmann variables and g'-oscillator 
algebra is considered. Then the notion of pseudo-Hermitian g-oscillator algebra and their proper- 
ties is given and also, the appropriate PGPHCSs are introduced. It is shown that unlike the 
canonical Hermitian coherent states, PGPHCSs satisfy bi-over-completeness condition instead of 
over-completeness one. The time evolution and stability of the PGPHCSs are investigated. Also 
the construction of pseudo-Hermitian supercoherent states is studied. Finally modified SUq2 (2) 
and SUq2k{2) and also SUq2k{l, 1) are introduced. In Section^ the definition of squeezed states 
and their stability and supersqueezed states are argued. Section [5] is devoted to the entanglement 
of multi-level PGPHCSs. Choosing appropriate weight functions, we construct some entangled 
pure states for pseudo-Hermitian systems. The pseudo-Hermitian version of the Bell, W and 
GHZ using two level PGPHCSs, is investigated. These states degenerate to the well-known 
Bell, W and GHZ states, when PGPHCSs reduce to the usual Hermitian coherent staes. In 
addition, some examples of entangled qutrit states are given. Finally, the method is developed 
for qudit case. A brief conclusion is given in section [H 



2 Pseudo-Hermitian operators 

In this section, the notion of the pseudo-Hermiticity of operators is considered. In fact the 
necessary and sufficient condition for the reality of the spectrum of a non-Hermitian Hamiltonian 
admitting a complete set of biorthonormal eigenvectors is related to their pseudo-Hermiticity. 
In order to define the pseudo-Hermitian operator, consider H : T-L ^ Ti, to he a linear operator 
acting in a Hilbert space T-L and ?y : — >• "W, as a linear Hermitian automorphism. Then the 
operator 

ijtt = n'^'H^r], (2.1) 

is defined as the ry-pseudo-Hermitian adjoint of H. The operator H is said to be ry-pseudo- 
Hermitian (with respect to rj) if H'^ = H. If H is taken to be a pseudo-Hermitian diagonali- 
zable linear operator then, the eigenvalues are real or come in complex conjugate pairs and the 
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multiphcity of complex conjugate eigenvalues are the same (to review the basic properties of 
pseudo-Hermitian operators see [H El E])- According to [5] considering diagonalizable opera- 
tors H with discrete spectrum, a complete set of biorthonormal eigenvectors {IV'i); I exists 
such that 

H\ij,)=Ei\'4;i), H^\^i) = Ei\^i), 

{iPi\ilJi) = 6ij, ^ = ^ biXV'il = I- 

i i 

In fact, any non-Hermitian Hamiltonian with a discrete real spectrum and a complete biorthonor- 
mal system of eigenbasis vectors is pseudo-Hermitian. Considering the above discussion, for 
a nondegenerate case, the operator 77 and it's inverse satisfy the ()2.ip by taking 

i i 

thus one has 

\fi) = v\A), lV'i> = ?rVj>- 

It is notable that ij is not unique, however it can be expressed as above. 

3 Pseudo-Hermitian g-oscillator and coherent states 

3.1 Para-Grassmann variables and q-oscillator algebra 

Grassmann variables and their different generalizations along with their applications have been 
widely surveyed and the mathematical structure of these non-commuting mathematical objects 
were studied in resent years [TSl (THl [221 Ell E21 E31 EH E51 ES]- To define para-Grassmann vari- 
ables, consider the non-commutative variables 6 and 9, which satisfy the following relations [22] 

^^+1 = 0, 9P+^ = 0, 99 = q^ee, where = , 

in the above relations, p is a non-zero integer number. The integral calculus appropriate for 
these variables is 

j de9^ = 6n,p VW; where [X] = , [n] ! = [n] • • • [1] . 

The g-deformed oscillator satisfies the following relations [181 EH [3H] 

aa^ — qa) a = q~^ , aa^ — q^^a)a = q^ . 
We note that annihilation and creation operators have the nilpotency degree of order p + 1. 

3.2 Pseudo-Hermitian q-oscillator algebra 

In analogy with the above mentioned g-oscillator algebra for Hermitian systems, let us define 
pseudo-Hermitian q-oscillator algebra as follows 

aa^ — qa^a = q~^ , aa" — q~^a'*^a = q^ , 

and also, considering the dual space we have 

da^ — qa^d = q~^ , da^ — q~^a^d = q^ , 



4 



Y. Maleki 



where a is creation operator for pseudo-Hermitian g-deformed oscillator and can be expressed 
as follows 

p 

n=0 

and let us define the creation operator for the pseudo-Hermitian g-deformed oscillator in the 
Fock space spanned by the basis {\ipo) • • • \ipn)} as 

p 

J := v'^a^ := ^ ^[[n + l]Un+i){<Pn\, 

n=0 

where, we have 

m] 



q-q 1 



Considering the dual space, one can define the creation and annihilation operators which act on 
dual states. In analogy with annihilation operator a, let define 



a ■= rjar] ^ := ^ y^[[n + l]]\(j)n) {ipn+i\ 



n=0 

Hence, a" is ?7-pseudo- adjoint to a and d is r]"^ -pseudo- adjoint to . So, the operator for 
pseudo-Hermitian g-deformed oscillator can be written as 

p 

at ■.= Y,VW+MMn+i)m. 

n=0 

Thus one has 

a«a=[[iV]] =^ [[iV]]tt = r?-i[[iV]]t^=[[Ar]], 

and by choosing q'^ = ep+^ we obtain 

AT -ft- ^ 

iV = arcsm a" a sm ■ 



vr \ P + 1 , 

Hence, the action of the operator N on iV^n) reads 

Furthermore, we get the commutation relations between the annihilation and creation operators 
and the operator N as 

[N,a] = -a, [N,J] = -aK 

For the dual space operators we can write 

ata = im =^ [[iV']]« = 77[[iV']]t^-i = [[N% 

^ 2771 

Again, by choosing q = e^+i we obtain 

AT' ■ ( ]~ ■ ^ 

iV = arcsm a ' a sm ■ 



TT V p+1 
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3.3 Change of variables and coherent states 

Now consider the fohowing change of variables 

I. ^ U t ^ J ^~ - t ^ 

= a, b = a*q 2 and c = q '2 a, c = a^q ^ . 

These new operators are necessary for the forthcoming purposes throughout the paper, also 
the coherent and squeezed states will be defined based on these operators not a and a'^ (also a 
and a^). Taking into account these variables we see that 

bb-q'^bb = l, bb-bb = q^^, bb=[Nl (3.1) 

and for the dual operators we get 

cc—q^cc=l, cc — cc=q^^, cc=[N], (3.2) 

We not that in [25] the creation operator 6" is 77-pseudo-Hermitian adjoint of the annihilation 
operator 6, but our changed ladder operator b is not ?7-pseudo-Hermitian adjoint of 6, and we have 
6" = bq~^ . One could easily check that the pseudo-Hermitian number states can be expressed 
in terms of b and b (also c and c for the dual space), and these operators annihilate and create 
the number states as follows 

_ 

y=m, 6|V'n) = V^IV'n-l), = ^[n + l]|^n). 



Thus 

[N,b] = -b, [N,b] = b, [N,c] = -c, [N,c] = c. 

For the future uses, we need to consider the commutation relation between these operators and 
para-Grassmannian variables 

[9,b]g2=o, [b,e]g2 = o, [e,b]g2=o, [b,e]g2=o, 

where the p-commutator is defined as 
[A,B]p = AB-pBA. 

Let us have the following quantization relations between the biorthonormal pseudo-Hermitian 
eigenstates {\ipn), {(pn)} and para-Grassmannian variables 



In — In — 



2n , , , „ -, , , 2n , 

''"\4>n)e, 9{4>n\=q''"{4>n\9, 



Now let \9) be a PGPHCS, then following the definition of the canonical Hermitian coherent 
state, the PGPHCS \6) can be defined as the eigenstates of annihilation operator b for the space 
spanned by the basis {iV'n)}- Therefore, PGPHCS \9) reads 



b\e) = e\9). 



(3.3) 
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In order to find the explicit form of the PGPHCS \6), we can generically write 
p 

\0)=Y,Cn9^\ijn)- (3.4) 
n=0 

The two equations (j3.3p and (j3.4p give 

P „n(n+l) 

^^ \/\n\- 

n=0 V L J 

we can interpret D{9) = e^^ as the displacement operator for the PGPHCS. We note that 
q- deformed exponential is 

P n 
X \ ^ X 

^9 - 2^ bij- 

n=0 ^ 

We can easily check that the action of the creation operator h on the coherent state gives 



n=l 



n ! 



The overlap between the state \(j)n) and the coherent state is given as 

-n(n-l) 

- ^ -r. (3.6) 



We can also define the other set of coherent states based on the creation operator h with para- 
Grassmanian eigenvalue as follows 

{e\b = {e\9. 

Thus, in the terms of number state basis the coherent states of the creation operator h can be 
expanded as 

\/\n\\ 

n=0 V L J 

Similar to (j3.6p . the overlap between the state \(pn) and this coherent state depends on n and 
takes the following form 

n(n-l) _ 

As was seen, for the pseudo-Hermitian systems, there are two sets of annihilation and creation 
operators, with respect to the basis {|^n)} and {!</>-«)} respectively. Therefore, a coherent state 
can be defined in the space spanned by the basis {|0n)}) which is the eigenstates of annihilation 
operator c with para-Grassmanian eigenvalue 9 similar to what we had for the operator 6, as 
follows 

c\9) = 9\9)- 
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Again taking the general form of the coherent state in (|3.4p and using the above relation for the 
coherent states, it is straightforward to see that the coherent state is 

n=0 V L J 

Moreover, by acting the creation operator c on coherent state we get 
— 1 \/\n\\ 

n=l V L J 

The overlap between the state {ipn) and the coherent state of the annihilation operator c is 
proportional to 0" as 

-n{n-l) 



n]\ 

Hence, the overlap between the state \(f)n) and (|3.5p is equal to the overlap between the state \ipn) 
and the coherent state of the annihilation operator c defined above, i.e., {6\(j)n) = {'>Pn\d)- Fur- 
thermore, one may define the coherent state of the creation operator c, as the superposition of 
the number states of the dual space with para-Grassmanian eigenvalue 9 as 

Again we can expand the coherent state based on the number states of the related space and 
powers of the para-Grassmanian variable 9 as 

^ P qnin-l) _ 

Hence, we have 



Consequently, there is a relation between the overlaps of coherent states with number states 
as {9\(j)n) = {9\ipn)- So, there is a relation between the overlaps of the coherent states of the 
annihilation operators with number states of their dual states and also between the overlaps of 
the coherent states of the creation operators with number states of their dual states as well. 



3.4 Resolution of identity 

Here, the over-completeness property of the states \6) and \9) is examined. By introducing the 
generic form of the weight function as 

n-l 

w{9,9)= Cki9'9'- 

k,l=0 

We see that the integrals of the terms \9){9\ and |^)(^| do not satisfy over-completeness relation. 
Hence, in order to realize the resolution of identity, it is necessary to consider the biorthonormal 
nature of the pseudo-Hermitian systems. So, as done in [2H [25], it is reasonable to check the 
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integrals \0){9\ and \6){6\ with the measure d9d6w{6,6). Choosing the proper weight function, 
we can write the resolution of identity as 



d9dew{e,e)\e){e\ = J dedew{e,e)\e){e\ = i. (3.7) 

To obtain the explicit form of the weight function we put \9) and {9\ into (I3.7P and get 
J d9dew{e,9) \9){9\ = j d9d9 Ck,i9''9' l^^^r|^„)(<^. 



P P „n(n+l) _ ^m(m+l) 

" nn\.i. \ / J. i/imy 

>, .,u. l^nV- 

k,l=0 n,m=0 V L'-J • L j 



Accounting for the quantization and the integration rules of para-Grassmann variables, and 

utilizing the completeness of the biorthonormal basis of the pseudo-Hermitian system, i.e., 
p 

lV'n)(<^n| = I, we can determine the coefficients Cki as 

n=0 



Thus the weight function reads 
J — 



1=0 



Consequently the coherent states \9) and \ 9) provide the bi-over-completeness relation for pseudo- 
Hermitian systems of biorthnormal coherent states. Note that when the pseudo-Hermitian 
system reduces to the Hermitian one, the coherent state \9) degenerates to \9). It is in accordance 
with the over-completeness property of the Hermitian systems. 

3.5 Time evolution of PGPHCS 

In this subsection, the condition for the stability of the PGPHCS will be investigated. It will 
be shown that the coherent states remain eigenstate of the annihilation operator b, for any time 
evolution of the initial coherent state |^,0) = \9), i.e., \9,t), taking a proper condition. This 
means that 

b\9,t) = 9{t)\9,t), where \9,t) = e-'^^\9). 

Taking the explicit form of the coherent state 1 9) , one can write 

p fe(fe+i) 
\9,t) =y^-^9''e-'^^'\i;k). 

Now we note that, since k changes, all the energies related to the various ks form the set 
{£^0) El, . . . , Ep}, which are real parameters. Thus, in general we can write 

Ek = {kck + 1)Eq. 

Now, if Cfc is taken to be constant {ci = cj = c), the evolved coherent state reads 

\0^t) = e-'^°^\9{t)), where 9{t) = e-"'^°^9. 

So, we obtain the condition that the evolved coherent state remain eigenstate of the annihilation 
operator b. This result shows that the time evolved pseudo-Hermitian g-deformed oscillator 
coherent state \9) is stable. The similar discussion holds for |0,t)'s, and we can also see that 
\9,t) and \9,t) satisfy the resolution of identity. 
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3.6 Supercoherent states 

Supersymmetric quantum mechanics needs two degrees of freedom: one described by a complex 
variable and the other described by a Grassmann variable. Here, the notion of pseudo-Hermitian 
supercoherent states will be developed. In order to provide a suitable supersymmetric Hamil- 
tonian, we can follow the results of supersymmetric Hamiltonian for Hermitian systems based 
on generalized Weyl-Heisenberg algebra [26\ [271 139] . In what follows, the pseudo-Hermitian 
supersymmetric Hamiltonian (PHSUSH) for two level systems will be established [IQ]. To do 
so, we use pseudo-boson annihilation and creation operators (see [23]). According to if a 
and are taken to be usual annihilation and creation operators for a bosonic system, then the 
r/'-pseudo-Hermitian adjoint of a is a" := r]'~^a}ri', and also a := r/'a?]'"^. On the other hand, 
for a two level system we have 66 + 66 = 1 (6^ = 6^ = and = —1). This is similar to 
pseudo-fermionic algebra |24] . In other words, by replacing 6 with 6", the pseudo-fermionic alge- 
bra can be obtained (66" + b^b = 1). We note that the operators are changed, but the obtained 
coherent states for both systems can be the same. Therefore, based on pseudo-fermionic and 
pseudo-bosonic operators, one may define the PHSUSH as 

Hi = a"a + 6"6. 

Regarding the fact that the bosonic operators commute with two level operators and vice versa, 
this Hamiltonian is (77'77)-pseudo- Hermitian. Now, taking Q = a^b and = a.b^, then we have 

Hi = QQ^ + Q^Q. 

both of the operators Q and Q" commute with Hamiltonian. To generalize the result to multi- 
level systems, we can replace 6 with 6" in general, and get the pseudo-Hermitian version of the 
deformed algebra 66^ — q^b^b = 1 discussed in |26l [27l [39]. Again, the operators are changed, 

but the obtained coherent states for both systems can be the same. To see this we take 6 := 
p 

^ Y^[n + 1] !'(/'„) (0„-|_i I . Therefore, taking b = ¥ the sup ercoher tent states can be developed. 

n=0 

The coherent states for the pseudo-Hermitian boson systems are defined as the eigenstates 
of the corresponding pseudo-boson annihilation operators 

a|a) = a|a), 

where a is a complex number, and a is the annihilation operator for pseudo-Hermitian bosonic 
harmonic oscillator. Thus, considering the definition of the coherent state in the number states 
space, it can be written as follows 

-Ic.|2 ^ a" 
\a)=e 2 2^ |^„) = D(a)|V'o), 

n=0 ^' 

here, D[a) is the displacement operator 

D{a) := exp(Q;a'' — a* a). 

On the other hand for the dual space, we can define the associated pseudo-bosonic coherent 
state using the corresponding annihilation operator a as 

a|a)' = a\a)' . 

Again, in the number states space, the coherent state can be expanded as follows 

n=0 ^'^^ 
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where D'[a) is the displacement operator and is similar to the displacement operator defined 
for its dual space 

D' [a) := exp(aa^ — a*a). 

In what follows the supercoherent state for pseudo-Hermitian system is defined, using the above 
pseudo-bosonic coherent states and para-Grassmannian coherent states for the pseudo-Hermitian 
g-oscillator as follows 

\a,e) = \a)^\e) = D{a,e)\i>o)(^m, 

where, the displacement operator D(a,0), is the tensor product of displacement operators for 
bosonic and para-Grassmanian coherent states 

D{a,e) = D{a)^D{9) =^ D{6) = ef. 

Thus we can rewrite the above super coherent state in terms of the number states as 

n=0 " n=0 V N' 

The state |a, 6) is an eigenstate of the operator ab with the eigenvalue aO. Since for the pseudo- 
Hermitian systems we deal with two sets of basis, unlike the Hermitian coherent states, we have 
some other possibilities in order to define supercoherent states for these systems. For instance, 
we can define the following supercoherent state 

\a,e) = \a)^\e) = D{a,e)\i>o)(^\(po), 
where the displacement operator D{a, 6) reads 

D{a, 6) = D{a) ® 0(9) =^ 0(0) = ef. 

In this case, we have used the para-Grassmanian coherent state of the dual basis, so in terms of 
the number states we have 

tr'nVnl nil 



tr'nVnl „_„ W nil 



n=0 ^ n=0 V L J 

Likewise, one may take 

\a',9) = \ay(^\9) = D{a',9)\cl)o)(^\iPo), 
similar to the previous cases the displacement operator is 

D{a',9) = D'{a)^D{9), 
consequently, we have 



la' 9) = V — 



n=0 ^ '"■ n=0 

Finally, taking the coherent states defined on the basis {|</'n)} for both bosonic and para- 
Grassmanian coherent state, we obtain the following supercoherent state 



a 



= \ay(E)\9)=D{a',9)\(l)o)(E)m 



similarly, by defining D{a',9) = D'[a) (S) \9), we can write the coherent state in terms of the 
number states as 



p 



n(n+l) 



|a , = e 2 

n=0 ^ '"• n=0 
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3.7 Deformed SU{2)p and SU{1, l)p for multi-level systems 

In this subsection, using the operators b and b, the condition to have deformed SU (2), i.e. SUp{2), 
will be considered. It will be shown that, regarding special value for p which will be derived 
here, these operators can be generators of sup{2) Lie algebra. Note that there is no condition 
on p and it is a complex number. Now let us define 

bz ■= [b, b]p = bb — pbb. 

Considering the commutation relation between b and b^ 

[h,b]p =[{l+p^-pq^-p) + (^2 + p2^2 _ (^4 + 1)^)^^)] 

to have appropriate solution, it must be proportional to the operator b, so we get 

q p — \Q + IjP + Q =0 =^ P = Q or P = q ■ 
Consequently one has 

P = q^ =^ [bz,b]p = [bz,b]g2 = {I - q'^)b, 

and 

2 4 2 

p=q =^ [bz,b]p = [bz,b].2 = {q - q )b. 

From the commutator of b and b^ the same condition will be required to get proper solution, 
therefore we get the following sup{2) deformed algebras 

[b,b],2 = bz, [6.,6],2 = (1 - q% [b,bz]g2 = (1 - q% 
and also 

— /42\ — /42\ — 

[b,b]-2 =bz, [bz,b]-2 = [q -q )b, [b,bz]^2 = [q - q )b. 

Obviously, if b^^^ = 6*^+^ = 0, then {q^)^^^ = 1, so there are two different algebras associated 
with p = q^ and p = q^^ . Therefore, the second algebra can be written as 

[6,6],2. = bz, [bzM,2. = {q'^'-'^ - q'% [b,bz]g2. = {q'^"-'^ - q'% (3.8) 
Now let define the operator bz in a different way as 

bz ■= [b, b]p = bb — pbb. 
The commutation relation between b and bz becomes 

[bzMp = [(/ + Q^P" - 2p) + (p'Z - 2pg' + 1)66] 6, 

to have proper solution, the commutation relation must be independent from the operator 66, 
therefore, the coefficient of the operator 66 must vanish, this means 

p^q^ -2pq^ + l = {) =^ (pg2_i^2^o =^ P = q- 

Thus, in this case we have unique solution for p, and the above commutation relation reduces 
to 



P = q =^ [bzMp=[bzM2 = [q*-q)b. 
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Just like the previous one, from the commutator of b and the same condition will be required 
in order to get proper solution. If (q^)^^^ = 1, then we have p = q^^ . Consequently the algebra 
degenerates to 

= fe„ = {q^^'-^^ - q"')b, [bM,^, = - q^f^yb. 

It must be stressed that, although this algebra is similar to ()3.8p . they correspond to different 
definitions of the operator bz and are not the same algebras. The difference between definition of 
the operator b^ in the two algebras may recall the difference between the definition of the su(2) 
and sii(l, 1) algebras. Therefore, one may call this algebra deformed su(l,l)g2fc algebra. It 
is notable that, the above algebras were derived based on the relation between the operators b 
and 6, and it would not be possible to develop similar algebras using the creation and annihilation 
operators a and aK 



4 Squeezed states 

By recalling the definition of the standard bosonic harmonic oscillator squeezing operator, it 
is worthwhile to define para-Grassmannian pseudo Hermitian squeezing operator based on the 
new operators for g-deformed oscillator as follows 



S{e) = exp 



Uob'-eb') 



Therefore, by applying the operator S{9) on the vacuum state iV'o)) the para-Grassmannian 
pseudo Hermitian squeezed states can be defined as 

It is notable that the above operator is squeezing operator for any n > 2 level systems, so for 
three level system (since the operators b^ and P become zero), the squeezing operator can be 
expanded as 

1 



s{e) = i + ^{eP - eb'^) 



'-^{qW+bW). 
8 

Thus, the three level squeezed state reads 



1 



[2], 



l^o) 



Besides, using the dual operators c and c, one may consider the other set of the squeezing 
operators for para-Grassmannian pseudo Hermitian g-deformed systems as below 



S{e) = exp 



2 S,?) 



for three level system, the operators and are zero, so the squeezing operator S{d) becomes 



S{e) =1+1 {0c' - ec') - ^ {q'c'c' + c'c') . 
2 o 



(4.1) 



Hence, the squeezed state is given by 



\^) = s{e)\M- 
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Using (|4.ip we have 

10 = m + ^o\c^2) - ^^eem = (i - ^^^") I0o> + ^^102). 

It is notable that, the dual squeezing operator |^) can be obtained from the action of rj on \^). 
This means 




4.1 Time evolution of squeezed states 

In analogy with coherent states, it would be worthy to study the time evolution of squeezed 
states. The time evolution of a system is governed by its Hamiltonian. Here, the time evolution 
of the three level squeezed states will be considered and it will be shown that the three level 
squeezed state remains squeezed state temporally. For a three level system we have obtained 
the squeezed state as 

|O=(l-^^^")|V0) + ^e|^2>. 

Now, applying the time evolution operator on this state we have 

or equivalently, it can be rewritten as 

= e-^^«*5(0(i))|^o>, where = e-^^^^-So)*^^ 

Consequently, the time evolved state \^,t) is squeezed state. We note that, without loss of 
generality, one may take Eq = 0, and write the time evolved squeezed state \C,t) as the action 
of the operator S{6(t)) on vacuum state |^o)- Similarly, for the dual space it can be deduced 
that, the time evolved squeezed state is 

1^) = e-*^*|0 = e-*^°*5(0)|0o), where = e-'^^^-^°^'e. 



4.2 Supersqueezed states 



Using the creation and annihilation operators for pseudo-Hermitian bosonic system we can define 
pseudo-Hermitian squeezing operator in analogy with the Hermitian squeezing operator. Hence, 
let us define the pseudo-bosonic squeezing operator as para-Grassmannian 



S (r/) = exp 



- [r]a^ -V a ) 



where r/ is a complex number, and a, a' are bosonic pseudo-Hermitian operators. Hence the 
squeezed state for bosonic pseudo-Hermitian system becomes 



\ri) = Siv)\^l^o) 
In addition 

\vy = S'{v)\ct>o) 



exp 



exp 



[7]a' 



* 2\ 

V a ) 



* ~2\ 



l^o). 
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Considering these states, and the squeezed states introduced for para-Grassmann variables one 
may study the structure of the supersymmetric squeezed states as the tensor product of the 
pseudo-bosonic and para-Grassmannian squeezed state 

\v,o) = \v)^\0 = s{v,om^m, 

where the supersqueezing operator is 



Si7],9) = Sir])<g)Si9) = exp 



1 



[•qa" — T] a ) 



exp 



1 



{9b'^ - 9h^ 



As mentioned for supercoherent states, there are some other possibihties in order to define 
supersqueezed states for the pseudo-Hermitian systems. Since, one may consider 



\V .0) = \r,y = S{r^\CMG) 



where 



S{r]\9) = S'{r])®S{9) = exv 



*~2\ 



' exp 



Also 



l^,^> = l^>®IC> = 5(^,C)IV'o)®|0o> 



where 



S{r],9) = S{r])®S{9) =exp 



1 / fi2 * 2\ 



exp 



^{ec'-9c') 



Finally, using the squeezed state for dual spaces the forthcoming super squeezed state can be 
obtained 

\v',o) = \r]y (^\c) = siv',cMo) (^m, 

here the squeezing operator is 

"1 



S{7]',9) = S\i])^Si9) = exp 



\2 ^~2\ 

— r] a ) 



exp 



■X9c''-ec^) 



5 Entanglement 

In this section, the entanglement of the pseudo-Hermitian coherent states is investigated. In 
fact, this is the generalization of [IOl[TT], to the states studied in this work. In those references, 
considering a proper linear combination of the tensor product of the multi-level coherent states 
as 

IV'>= J2 /^l,^2,...,.J^n>l^^2>•••|^iJ, 

11,12,. ..,in 

and applying an appropriate weight function, it has been shown that, it is possible to get the 
right hand side of the following equation to be an entangled state, like Bell, cluster type, GHZ 
and W states, i.e. 

I d9i,d9^,---d9iM0i,,---A^m = \l), 

where w{9ij^, . . . ,9i^) is a proper weight function, and the state I7), is the entangled state that 
we were going to obtain. The weight function is not unique and of course for a given state there 
may not be such a function at all. Pursuing this method, one can see that it is possible to 
construct entangled pseudo-Hermitian states. Since for the pseudo-Hermitian systems we deal 
with two sets of basis and consequently two set of coherent states, the possibility of superposing 
of the states is more than Hermitian coherent states. 
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5.1 Multi-qubit states 

Considering p.ip and ()3.2p for two level system {q^ = — 1) we get 

66 + 66 = 1 and cc + cc= 1. 

For a two level system para-Grassmann variables reduce to usual Grassman variables by the 
commutation relation 

Thus, the q-deformed coherent states based on these operators become 

|0) = |V^o>-0|V'i>, ^ = |<Ao)-0|</'i). 

Now using these states we can construct two level entangled states. For example, up to the 
normalization factors, the following pseudo-Hermitian version of the Bell states can be obtained. 
Since these states remind the well-known Bell states, one may call them pseudo-Hermitian Bell 
states (PBell states) 



/ 



d0|T0)|-0) = IV'o)l^i>±IV'i>IV'o), 

d0|?0)p0) = |0o)|0l) ± |0i)|</'o), 
d0|T0)p0) = |^o)|</'i)±|^i)|</'o), 

de\^)\-d) = \(t)o)\^^)M4>i)m. 



Also we have 



j d92d9i{l + 9i92)\ 


9i)\±e2) 


= |^o)|^o) 




1 d92d9i{l + 9i92)\ 




= \^o)\<Po) 


±\<t>i)\<Pi) 


1 d92d9i{l + 9i92)\ 


9i)\t9^) 


= \M4>o) 


±\i^i)\<t>i: 


1 de2d9i{l + 0192)1 




= \4>o)\i^i) 


±i'^i)i^o; 



It is notable that the normalization factor can be included in weight function. One gets the 
general form of the W state as follows 

rf0(^)|0)|0)...|0) = |wS")), 




(l^iV'o^o • • • V'o) + l^oV'iV'o • • • ^o) H h I^Ao • • • V'oV'oV'i)), 



here, is the normalization factor of the state I'^iV'oV'o " " " ''Ao) + IV'oV'iV'o " " " ^o) + ••• + 
IV'o ■ ■ ■ V'oV'o'^/'i)- We can obtain the other states of this family like above. For instance, 

J d9{^) \6)\e)y-\e) = \w^^'>), 

n times 
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1^2"^) = ^yd'^l^oV'O • • • ^0> + \Ml'>Po • • • V'o) H h 100 • • • V'O^oV'l))- 

v A* 



Likewise, we can obtain these states 

I'^s"'') = —rT^{\4>iMo ■■■'^0) + I'/'o'/'iV'o • • • ^0) H h If/'o • • • V'oV'oV'i)), 

V A* 

|W^"^) = ^=(|(^i(?io'^o • • • ^o> + \(t>o(t>i(t>o • • • ^0) H h |(?io • • • V'oV'oV'i)), 



N 



\'^k''') = -^(l</'i</'o</'o • • • </'o> + |</'o</'i</'o • • • (/-o) H h l^/'o • • • </'0</'0</'l))- 

V A* 

Likewise, we can construct the general forms of the GHZ state as follows 

1 
71 



/ 



deide2 ■ ■ ■ denw\en)\en-i) ■ ■ ■ \ei) = ^^dv^o^o • • • V'o) + l^i^i • • • V'l)) = Ighz^")) 



and 



/ 



1 



de^de2 ■ ■ ■ d9nw\en)\en-i) ■ ■ ■ \ei) = -^{\Mo • • • V'o) + l^ii'i ■ ■ • V^i)) = Ighz^")), 



and also 



/ 



1 

3^ 



deide2 ■ ■ ■ denw\en)\en-i) ■ ■ ■ \ei) = ^(|(/>o'Ao • • • </'o) + ■ ■ ■ 01)) = Ighz^")), 



where the weight function w for the above states is 

«; = -^((-l)[tl+Mn-i---ei). 

It is notable that, when the pseudo-Hermitian system reduces to the hermitian one {rj = 1), 
the pseudo-Hermitian entangled states reduces to the well-known maximally entangled states 
of the Hermitian systems, like maximally entangled Bell, W and GHZ. So fore instance the 
states |Wj^"^) reduce to just one maximally entangled state. 

5.2 Multi-qutrit states 

Using three level coherent states, it would be possible to construct entangled qutrit states. Since 
for three level systems the operators and r vanish, the expansion of the equation (|3.5p reduces 
to the following three level coherent state 



Obviously, the para-Grassmann number is nilpotent, where 9"^ = 0, and also (g^)^ = 1. Now 
this coherent state will be used to construct some entangled qutrit states. Here we introduce 
the construction of generalized Bell states for pseudo-Hermitian systems. The generalized Bell 
states for three level Hermitian systems are 

|^±) = -^(|00)±|11) + |22)), (5.1) 

|(/.±) = -^(|02)±|ll) + |20)). (5.2) 
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Here, we try to create the pseudo-Hermitian version of these states by using three level para- 
Grassmannian coherent states 

dddew\e)\e) = |Vo>IV'o) ± l^i>IV'i> + IV'2)IV'2), 
ddd9w\e)\e) = icPoMo) ± + 1</.2)|^2), 

d0d9w\9)\¥) = |Vo)|<^o) ± + \^2)\i'2), 

ded9w\e)\¥) = |0o)l</'o> ± + 1<^2)|<^2>, 



/ 
/ 



where, for all above states 

e^P ee ^ 

One may compare the above pseudo-Hermitian entangled states, with maximally entangled 
generalized Bell state (j5.1|) . Note that in the case ij = 1 {(pi = ipi), all the states reduce to (jS.ip . 
Moreover, we have the following pseudo-Hermitian entangled states 

dedew\9)\e) = |Vo>IV'2) ± IV'i>IV'i> + 1^2)1^0), 

d9d9w\9)\9) = |0o)|V'2) ± |0i)|^i) + |</'2>|^o), 
d9d9w\9)\§) = \^o)\h) ± + \h)\i^o), 

d9d9w\9)\¥) = |0o)|02) ± |'^i)|<^i) + |'^2)|<^o), 



/ 



where 



32 aa 2 6(2 



= ^= ± TTTT + 



[2]! [1]! vW 

These states can be compared with maximally entangled generalized Bell state (j5.2p . Of course 
the weight function may be chosen in a way that we get entangled states in the subspaces. For 
instance, 

d9d9 + 1^)1^") = |V'o>|V'o> + |V'2>|V'2>, 

d9d9 + q^^ \9m = |0o)|0o) + |02)|'/'2). 

5.3 Multi-qudit entangled states 



/ 



Now, using the coherent state obtained in (I3.5p . the entangled states for n level pseudo-Hermitian 
systems will be considered. To this aim starting with the coherent state 



p n{n + l) 



\0) = J2^J=0''\i^n) 



n=0 V L J 



the product of two coherent states with para-Grassmann numbers 9 and 9 reads 
p 

i,j=0 
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where 

qij-i?+ii+j) 

For instance, we may determine the weight function in a way that after integration the obtained 
state becomes 

/ d9dew\e)\e) = ^jz (5-3) 

Replacing the exphcit form of the coherent states we get 

/n-l p 

Taking the general form of the weight function 

V 

k,l=0 

and putting this weight in (15. 4p and taking into account the quantization and the integration 
rules of para-Grassmannian variables we get 

p p 1 P 



c,/=Oi,j=0 i=0 
c,Z=Oj,i=0 ^ i=0 



k,l=Oi,j=0 ^ 1=0 



where the symbol 5j is the usual Kronecker delta. Note that 

5l+'6^+^ / =^ l + i = p = k + j. (5.6) 



From the right hand side if the the equation (j5.5p it is clear that the terms with i ^ j have to 
vanish in the left hand side of the equation, which due to ()5.6p we get Wkj = for k ^ I. With 
this description (j5.5p gives 



2 = ^ 2=0 



YcaWp-i^p-iq"" ' \p]\\i/ji)\i/ji) = ^ElV'i>IV'i)- 

Thus, 

1 ^ 

/a7 A-,' (p- 



-.2pk _ 

yj — » „ ^ i okok 



^ {p-k),{p-k) 

With this weight (|5.3p holds. Using this weight function the below entangled states can be 
constructed 

d9dew\em = ^j2\^,M). 

^ 1=0 

Of course the normalization factors ("^^^) of the above states may not be the same. 
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6 Conclusion 

In conclusion, the g-deformed oscillator was generalized to pseudo-Hermitian systems and some 
of its important properties was studied. Introducing annihilation and creation operators for this 
system the new pseudo-Hermitian coherent and squeezed states were investigated. The over- 
completeness property of the PGPHCSs examined. Also the stability of coherent and squeezed 
states were discussed. The pseudo-Hermitian supercoherent states as the product of a pseudo- 
Hermitian bosonic coherent state and a para-Grassmannian pseudo-Hermitian coherent state 
was introduced. This definition also was developed to define pseudo-Hermitian supersqueezed 
states. It was shown that, for q-oscillator algebra oi k + 1 degree of nilpotency based on the 
changed ladder operators, defined in here, we can obtain deformed SUq2{2) and SUg2k{2) and 
also SUq2k{l, 1). Finally, the entanglement of multi-level para-Grassmannian pseudo-Hermitian 
coherent state was considered. This was done by choosing an appropriate weight function, and 
integrating over tensor product of PGPHCSs. Thus, a relation between PGPHCSs and quantum 
entanglement was established. The entangled pseudo-Hermitian qubit states based on two level 
coherent states was given, and it was generalized for qutrit and qudit cases in general. 
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